Let K be a field of arbitrary characteristic, A be a commutative K-algebra which is a domain of essentially finite type (eg, the algebra of functions on an irreducible affine algebraic variety), ar be its Jacobian ideal, D(A) be the algebra of differential operators on the algebra A. The aim of the paper is to give a simplicity criterion for the algebra D(A): The algebra D(A) is simple iff D(A)a i r D(A) = D(A) for all i ≥ 1 provided the field K is a perfect field. Furthermore, a simplicity criterion is given for the algebra D(R) of differential operators on an arbitrary commutative algebra R over an arbitrary field. This gives an answer to an old question to find a simplicity criterion for algebras of differential operators.
Introduction
The following notation will remain fixed throughout the paper (if it is not stated otherwise): K is a field of arbitrary characteristic (not necessarily algebraically closed), module means a left module, P n = K[x 1 , . . . , x n ] is a polynomial algebra over K, ∂ 1 := ∂ ∂x1 , . . . , ∂ n := ∂ ∂xn ∈ Der K (P n ), I := m i=1 P n f i is a prime but not a maximal ideal of the polynomial algebra P n with a set of generators f 1 , . . . , f m , the algebra A := P n /I which is a domain with the field of fractions Q := Frac(A), the epimorphism π : P n → A, p → p := p+I, to make notation simpler we sometime write x i for x i (if it does not lead to confusion), the Jacobi m × n matrices J = ( ∂fi ∂xj ) ∈ M m,n (P n ) and J = ( ∂fi ∂xj ) ∈ M m,n (A) ⊆ M m,n (Q), r := rk Q (J) is the rank of the Jacobi matrix J over the field Q, a r is the Jacobian ideal of the algebra A which is (by definition) generated by all the r×r minors of the Jacobi matrix J (Suppose that K is a perfect field. Then the algebra A is regular iff a r = A, it is the Jacobian criterion of regularity, [5, Theorem 16.19] ). For i = (i 1 , . . . , i r ) such that 1 ≤ i 1 < · · · < i r ≤ m and j = (j 1 , . . . , j r ) such that 1 ≤ j 1 < · · · < j r ≤ n, ∆(i, j) denotes the corresponding minor of the Jacobi matrix J = (J ij ), that is det(J iν ,jµ ), ν, µ = 1, . . . , r, and the element i (resp., j) is called non-singular if ∆(i, j ′ ) = 0 (resp., ∆(i ′ , j) = 0) for some j ′ (resp., i ′ ). We denote by I r (resp., J r ) the set of all the non-singular r-tuples i (resp., j).
Since r is the rank of the Jacobi matrix J, it is easy to show that ∆(i, j) = 0 iff i ∈ I r and j ∈ J r , [3, Lemma 2.1].
A localization of an affine algebra is called an algebra of essentially finite type. Let A := S −1 A be a localization of the algebra A = P n /I at a multiplicatively closed subset S of A. Suppose that K is a perfect field. Then the algebra A is regular iff a r = A where a r is the Jacobian ideal of A, it is the Jacobian criterion of regularity, [5, Theorem 16.19 ]. For any regular algebra A over a perfect field, explicit sets of generators and defining relations for the algebra D(A) are given in [3] (char(K)=0) and [4] (char(K) > 0).
Let R be an arbitrary commutative K-algebra. We denote by D(R) the algebra of differential operators on the algebra R and by Der K (R) the R-module of K-derivations of R. The action of a derivation δ on an element a is denoted by δ(a).
Simplicity criterion for the algebra D(A) where the algebra A is a domain of essentially finite type. Theorem 1.1 is a simplicity criterion for the algebra D(A) where the algebra A is a domain of essentially finite type. Theorem 1.1 Let a K-algebra A be a commutative domain of essentially finite type over a perfect field K, and a r be its Jacobial ideal. The following statements are equivalent:
1. The algebra D(A) of differential operators on A is a simple algebra.
For all
As an application of Theorem 1.1 we show that the algebra of differential operators on the cusp is simple.
Simplicity criterion for the algebra D(R) where R is an arbitrary commutative algebra. An ideal a of the algebra R is called Der 3. Suppose, in addition, that K is a perfect field and the algebra A = R is a domain of essentially finite type, a r be its Jacobian ideal, I be a nonzero ideal of D(A) and I 0 = I ∩ A. Then a i r ⊆ I 0 for some i ≥ 1.
Proofs of Theorem 1.1 and Theorem 1.2
In this section, proofs of Theorem 1.1 and Theorem 1.2 are given. Let R be a commutative K-algebra. The ring of (K-linear) differential operators D(R) on R is defined as a union of R-modules
is the order filtration for the algebra D(R):
The subalgebra ∆(R) of D(R) which is generated by R ≡ End R (R) and the set Der K (R) of all K-derivations of R is called the derivation ring of R.
Suppose that R is a regular affine domain of Krull dimension n ≥ 1 and char(K)=0. In geometric terms, R is the coordinate ring O(X) of a smooth irreducible affine algebraic variety X of dimension n. Then For the proofs of the statements above the reader is referred to [6] , Chapter 15. So, the domain D(R) is a simple finitely generated infinite dimensional Noetherian algebra ( [6] , Chapter 15).
If char(K) > 0 then D(R) = ∆(R) and the algebra D(R is not finitely generated and neither left nor right Noetherian but analogues of the results above hold but the Gelfand-Kirillov dimension has to replaced by a new dimension introduced in [ (⇐) The implication is obvious. 3. Recall that the Jacobian ideal a r of the algebra A is generated by the finite set {∆(i, j) | i ∈ I r , j ∈ J r }. For each element ∆(i, j), the algebra A ∆(i,j) is a regular domain of essentially finite type. So, the algebra D(A ∆(i,j) ) ≃ D(A) ∆(i,j) is simple (the algebra D(A) ∆(i,j) is a left and right localization of D(A) at the powers of the element ∆(i, j)). Therefore, 1 ∈ I ∆(i,j) , and so ∆(i, j) l ∈ I ∩ A = I 0 for some l ≥ 1. So, a i r ⊆ I 0 for some i ≥ 1.
Proof of Theorem 1. 1. (1 ⇒ 3) The implication is trivial.
(3 ⇒ 2) The implication follows from the fact that the Jacobian ideal a r of the algebra A is generated by the finite set {∆(i, j) | i ∈ I r , j ∈ J r }. In particular, ∆(i, j) k ⊆ a k r for all k ≥ 1, and so Given a commutative algebra R, we denote by C R the set of regular elements of R (i.e. nonzero-divisors) and by Q(R) := C −1 R R its quotient algebra.
Corollary 2.1 Let A be a semiprime commutative algebra with finitely many minimal primes. Then the algebra D(A) is a simple algebra iff the algebra A is a domain and the algebra D(A) is a simple algebra.
Proof. (⇒) Suppose that the algebra A is not a domain. Then its quotient algebra Q(A) := C −1 A A ≃ s i=1 K i is a direct product of fields K i where s ≥ 2 is the number of minimal primes of the algebra A. Therefore,
